In this paper we introduce FG-coupled fixed point, which is a generalization of coupled fixed point for nonlinear mappings in partially ordered complete metric spaces.
Lakshmikantham in [1] introduced coupled fixed points and mixed monotone property for contractive mappings on partially ordered metric spaces. They proved interesting coupled fixed point results in [1] . An interesting application of their result is that it can be used to find the solution of periodic boundary value problem, moreover it guarantees the uniqueness of the solution. Followed by this several authors established new coupled fixed point theorems in partially ordered complete metric spaces and in cone metric spaces. In [6] Sabetghadam, Masiha and Sanatpour proved generalization of results of Gnana Bhaskar and Lakshmikantham in cone metric spaces.
In this paper we introduce a new concept which is a generalization of coupled fixed point and prove existence theorems for contractive mappings in partially ordered metric spaces. Some examples are also discussed to illustrate our results. We recall the basic definitions.
Definition 1.1 ([1])
Let (X, ≤) be a partially ordered set and F : X × X → X. We say that F has the mixed monotone property if F (x, y) is monotone non decreasing in x and is monotone non increasing in y, that is for any x, y ∈ X x 1 , x 2 ∈ X, x 1 ≤ x 2 ⇒ F (x 1 , y) ≤ F (x 2 , y) and y 1 , y 2 ∈ X, y 1 ≤ y 2 ⇒ F (x, y 1 ) ≥ F (x, y 2 ).
Definition 1.2 ([1])
We call an element (x, y) ∈ X × X a coupled fixed point of the mapping F if F (x, y) = x, F (y, x) = y.
Main Results
Definition 2.1 Let (X, ≤ P 1 ) and (Y, ≤ P 2 ) be two partially ordered sets and F : X × Y → X and G : Y × X → Y be two mappings. An element (x, y) ∈ X × Y is said to be an FG-coupled fixed point if F (x, y) = x and G(y, x) = y. Definition 2.2 Let (X, ≤ P 1 ) and (Y, ≤ P 2 ) be two partially ordered sets and F : X × Y → X and G : Y × X → Y . We say that F and G have mixed monotone property if F and G are monotone increasing in first variable and monotone decreasing in second variable, i.e, if for all (x, y) ∈ X × Y ,
where F 0 (x, y) = x and G 0 (y, x) = y for all x ∈ X and y ∈ Y .
be two partially ordered complete metric spaces and F : X × Y → X and G : Y × X → Y be two continuous functions having the mixed monotone property. Assume that there exist k, l ∈ [0, 1) with
there exist (x, y) ∈ X × Y such that x = F (x, y) and y = G(y, x).
Proof : By hypothesis there exists (x 0 , y 0 ) ∈ X × Y such that
For n = 1, 2, 3, ... we define x n+1 = F (x n , y n ) and y n+1 = G(y n , x n ) then we get
Then we can easily prove that {x n } is an increasing sequence in X and {y n } is a decreasing sequence in Y by using the mixed monotone property of F and G.
We will use the fact that {x n } is an increasing sequence in X and {y n } is a decreasing sequence in Y, (1), (2) and symmetric property of d Y to prove the claim.
For n = 1,
Now assume the claim for n ≤ m and check for n = m + 1.
Similarly we can show that
Thus the claim is true for all n ∈ N. Using the result obtained we prove that {x n } is a
Cauchy sequence in X and {y n } is a Cauchy sequence in Y.
For m ≥ n consider,
and lim n→∞ G n (y 0 , x 0 ) = y for some (x, y) ∈ X × Y . Now we can prove that (x, y) is an FG-coupled fixed point by using the continuity of F and G. For that consider,
In a similar manner we can prove that G(y, x) = y. This completes the proof. 
If there exists x 0 , y 0 ∈ X such that x 0 ≤ F (x 0 , y 0 ) and y 0 ≥ F (y 0 , x 0 ), then there exist x, y ∈ X such that x = F (x, y) and y = F (y, x).
Proof : Take X = Y , F = G and k = l in Theorem 2.1, we get the result.
Remark 2.1 By adding to the hypothesis of Theorem 2.1 the condition: for every
and (x 1 , y 1 ), we can obtain a unique FG-coupled fixed point.
In the following theorem we prove the uniqueness of FG-coupled fixed point using the above condition.
be two partially ordered complete metric spaces and F : X × Y → X and G : Y × X → Y be two continuous functions having the mixed monotone property. Assume that for every (x, y),
exists a (u, v) ∈ X × Y that is comparable to both (x, y) and (x 1 , y 1 ) and there exist
there exist unique (x, y) ∈ X × Y such that x = F (x, y) and y = G(y, x).
Proof : Following as in Theorem 2.1 we obtain the existence of FG-coupled fixed point. Now we show the uniqueness part. Suppose that (x * , y
Claim: For any two points (
Without loss of generality assume that (x 2 , y 2 ) ≤ (x 1 , y 1 ).
We will use (1), (2) and symmetric property of d Y to prove the claim.
For n = 1 consider,
That is our claim is true for n = 1.
Assume that it is true for n ≤ m and check for n = m + 1.
Consider,
Similarly,
Thus our claim is true for all n ∈ N.
To prove the uniqueness we consider two cases:
Case 1: Assume (x, y) is comparable to (x * , y * ) with respect to the ordering in X × Y .
We have,
Case 2: If (x, y) is not comparable to (x * , y * ), then by the hypothesis there exist (u, v) ∈ X × Y that is comparable to both (x, y) and (x * , y * ), which implies that (v, u) ∈ Y × X is comparable to both (y, x) and (y
Hence the uniqueness of FG-coupled fixed point is proved.
Corollary 2.2 [1, Theorem 2.4 ]
In addition to the hypothesis of corollary 2.1, suppose that for all (x, y), (z, t) ∈ X × X there exists a (u, v) ∈ X × X that is comparable to both (x, y) and (z, t), then F has a unique coupled fixed point.
Proof : Take X = Y , F = G and k = l in Theorem 2.1, we get the result. (i) if a non decreasing sequence {x n } → x in X, then x n ≤ P 1 x for all n (ii) if a non increasing sequence {y n } → y in Y, then y n ≥ P 2 y for all n Let F : X × Y → X and G : Y × X → Y be two functions having the mixed monotone property. Assume that there exist k, l ∈ [0, 1) with
If there exist (x 0 , y 0 ) ∈ X × Y such that x 0 ≤ P 1 F (x 0 , y 0 ) and y 0 ≥ P 2 G(y 0 , x 0 ), then there exist (x, y) ∈ X × Y such that x = F (x, y) and y = G(y, x).
Proof : Following the proof of Theorem 2.1 we only have to show that (x, y) is an FGcoupled fixed point. Recall from the proof of Theorem 2.1 that {x n } is increasing in X and {y n } is decreasing in Y, lim n→∞ F n (x 0 , y 0 ) = x and lim n→∞ G n (y 0 , x 0 ) = y.
By (i) and (ii), x ≥ P 1 F n (x 0 , y 0 ) and y ≤ P 2 G n (y 0 , x 0 ), therefore by (1)
Similarly we can prove that G(y, x) = y. This completes the proof.
We obtain the result of Gnana Bhaskar and Lakshmikantham [1] as a corollary of our result. (i) if a non decreasing sequence {x n } → x, then x n ≤ x for all n (ii) if a non increasing sequence {y n } → y, then y n ≥ y for all n Let F : X × X → X be a mapping having the mixed monotone property on X. Assume that there exist k ∈ [0, 1) with
If there exist x 0 , y 0 ∈ X such that x 0 ≤ F (x 0 , y 0 ) and y 0 ≥ F (y 0 , x 0 ), then there exist x, y ∈ X such that x = F (x, y) and y = F (y, x).
Proof : Take X = Y , F = G and k = l in Theorem 2.3, we get the result. and (x 1 , y 1 ), we can obtain a unique FG-coupled fixed point. 
Proof : Following as in Theorem 2.1 we get an increasing sequence {x n } in X and a decreasing sequence {y n } in Y where
By using (7), (8) and symmetric property of d Y we prove the claim.
Assume the result is true for n ≤ m, then check for n = m + 1. Consider,
Similarly we can prove that
Thus the claim is true for all n ∈ N.
Next we prove that {x n } is a Cauchy sequence in X and {y n } is a Cauchy sequence in Y using (9) and (10) respectively.
For m ≥ n consider, and (x 1 , y 1 ), we can obtain a unique FG-coupled fixed point.
In the following theorem we obtain uniqueness of FG-coupled fixed point using the above condition.
be two complete partially ordered metric spaces and F : X × Y → X and G : Y × X → Y be two continuous functions having the mixed monotone property. Assume that for every (x, y), (x 1 , y 1 ) ∈ X × Y there exists a (u, v) ∈ X × Y that is comparable to both (x, y) and (x 1 , y 1 ) and there exist non negative k, l with k + l < 1 such that
Proof : Following as in Theorem 2.4 we obtain existence of FG-coupled fixed point.
Now we prove the uniqueness part. Suppose that (x * , y * ) ∈ X × Y is another FGcoupled fixed point, then we show that d((x, y), (x * , y * )) = 0, where x = lim n→∞ F n (x 0 , y 0 ) and y = lim n→∞ G n (y 0 , x 0 ).
Claim: For any two points (x 1 , y 1 ), (x 2 , y 2 ) ∈ X × Y which are comparable,
Without loss of generality assume that (x 2 , y 2 ) ≤ (x 1 , y 1 ). Using (7) and (8) we prove the claim.
For n = 1 we have,
Now assume that the result is true for n ≤ m and check for n = m + 1.
Similarly we get,
To prove the uniqueness we use the inequalities (11) and(12). We consider two cases:
Case 1: Assume (x, y) is comparable to (x * , y * ) with respect to the ordering in X × Y . Now consider,
The above result is valid for any two mappings F and G if the spaces satisfies a condition as shown in the following theorem.
be two partially ordered complete metric spaces. Assume that X and Y have the following properties:
(i) if a non decreasing sequence {x n } → x in X, then x n ≤ P 1 x for all n (ii) if a non increasing sequence {y n } → y in Y, then y n ≥ P 2 y for all n Let F : X × Y → X and G : Y × X → Y be two functions having the mixed monotone property. Assume that there exist non negative k, l with k + l < 1
Proof : Following the proof of Theorem 2.4 we only have to show that (x, y) is an FGcoupled fixed point. Recall from the proof of Theorem 2.4 that {x n } is increasing in X and {y n } is decreasing in Y, lim n→∞ F n (x 0 , y 0 ) = x and lim n→∞ G n (y 0 , x 0 ) = y.
We have
By (i) and (ii) we have x ≥ P 1 F n (x 0 , y 0 ) and y ≤ P 2 G n (y 0 , x 0 ). Therefore using (7) we get
Similarly we get G(y, x) = y. This completes the proof. 
Proof : By using the mixed monotone property of F and G and given conditions on x 0 and y 0 it is easy to show that {x n } is an increasing sequence in X and {y n } is a decreasing sequence in Y where
Using the contraction on F and G and symmetric property on d Y we prove the claim.
we can see that the conditions (13) and (14) for F and G are satisfied with k = 1 3 , l = 1 2 .
Here ( 4 3 , −4 3 ) is the FG-coupled fixed point.
(i) if a non decreasing sequence {x n } → x in X, then x n ≤ P 1 x for all n (ii) if a non increasing sequence {y n } → y in Y, then y n ≥ P 2 y for all n Let F : X × Y → X and G : Y × X → Y be two functions having the mixed monotone property. Assume that there exist non negative k, l with k + l < 1 such that
Proof : Following as in the proof of Theorem 2.7 it remains to show that (x, y) is an FG-coupled fixed point. Recall from the proof of Theorem 2.7 that {x n } is increasing in X and {y n } is decreasing in Y, lim n→∞ F n (x 0 , y 0 ) = x and lim n→∞ G n (y 0 , x 0 ) = y.
By (i) and (ii) we have x ≥ P 1 F n (x 0 , y 0 ) and y ≤ P 2 G n (y 0 , x 0 ). Therefore using (13) we get
As n → ∞, d X (F (x, y), x) ≤ k d X (x, F (x, y)). If there exist (x 0 , y 0 ) ∈ X × Y such that x 0 ≤ P 1 F (x 0 , y 0 ) and y 0 ≥ P 2 G(y 0 , x 0 ), then there exist (x, y) ∈ X × Y such that x = F (x, y) and y = G(y, x).
Proof : Following as in the proof of Theorem 2.9 we only have to show that (x, y) is an FG-coupled fixed point. Recall from the proof of Theorem 2.9 that {x n } is increasing in X and {y n } is decreasing in Y, lim n→∞ F n (x 0 , y 0 ) = x and lim n→∞ G n (y 0 , x 0 ) = y.
Now consider
By (i) and (ii) we have x ≥ P 1 F n (x 0 , y 0 ) and y ≤ P 2 G n (y 0 , x 0 ). Therefore using (17) we get
As n → ∞, d X (F (x, y), x) ≤ l d X (x, F (x, y)) This is possible if d X (F (x, y), x) = 0. Hence we have F (x, y) = x.
Similarly using (18) we prove that d Y (y, G(y, x)) = 0. Thus G(y, x) = y. This completes the proof.
Remark 2.6
In all the theorems in this paper if we put X = Y and F = G we get several coupled fixed point theorems in partially ordered complete metric spaces.
